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Uncertainty Estimation from Volterra Kernels
for Robust Flutter Analysis

Richard J. Prazenica,* Rick Lind," and Andrew J. Kurdila*
University of Florida, Gainesville, Florida 32611-6250

The flutterometer is a tool used for predicting the onset of flutter during flight testing. This tool uses robust flutter
analysis to consider a model with an associated uncertainty description. The flutterometer is particularly useful
because the uncertainty description is determined by flight data. However, the standard method of uncertainty
estimation is somewhat suspect because of the effects of nonlinearities in the flight data. A method is introduced
to estimate uncertainties by considering only the linear component of the flight data. The linear component is
extracted by representing the system in terms of Volterra kernels. The first-order kernel describes the linear
component of the data and, thus, can be used by the flutterometer. Flight data from the aerostructures test wing is
used to demonstrate this procedure. The analysis using the first-order kernel is shown to generate a more accurate
description of the modeling error than standard analysis of the measured flight data.

Nomenclature

= area of domain

scaling function filter

wavelet filter

length of Volterra kernel

function

Volterra kernel

set of multi-indices

matrix of integral values

operator

matrix form of wavelet transform operator
time

matrix of discrete inputs

matrix of products of discrete inputs
input

scaling function approximation space
wavelet detail space

response

vector of discrete output values
coefficient of scaling function

vector of single-scale kernel coefficients
coefficient of wavelet

vector of multiscale kernel coefficients
mapping

time

orthonormal scaling function

scaling function

characteristic function

wavelet

domain of second-orderkernel
summation of vector spaces

= subtraction of vector spaces
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Subscripts and Superscripts

i, P = counter

j = discretizationlevel
k = valuein {0, 1, 2, 3}
r = valuein {1, 2, 3}

K = multi-index

Introduction

HE analysis of flight data is obviously important for any flight

test. The measurements are usually corrupted by noise and
imperfections; however, these data are often the best indicator of
the true dynamics of the aircraft. The dependency on data exists for
all types of flight testing, but it is especially prevalent when flight
flutter testing for envelope expansion.

A tool called the flutterometer has been developed for predicting
the onset of flutter during a flight test.! This tool is a model-based
utility, but it is directly dependent on flight data. The flutterometer
computes a flutter speed for an analytical model that is robust with
respect to an uncertainty description? The tool uses flight data to
generate that uncertainty description. Essentially, the uncertainty is
a mathematical operator that describes differences between transfer
functions of the model and data. The flutterometer predicts a flutter
speed dependent on characteristics of the uncertainty description
and consequently dependent on characteristics of the flight data.

A particularconcern for testing with the flutterometeris the qual-
ity of the uncertainty description. A description that does not con-
sider a sufficient level of modeling error may overpredictthe flutter
speed. Conversely, a description that considers too much modeling
error may underpredictthe flutter speed. Either situation is adverse
to conducting a safe and efficient flight test.

An accurate assessmentof modeling error, using the flutterometer
approach, can only result from comparing the transfer function of
the model to a transferfunctionthataccuratelyrepresentsthe aircraft
dynamics. Such an accurate transfer functionis difficult to compute.
The flight data used to generate that transfer function often contains
componentsthat violateassumptions,such as linearity and statistical
properties, associated with standard spectral analysis.

A technique was developed to analyze flight data and assess an
accurate measure of modeling error.’ This technique actually iden-
tified model parameters and their associated variances simultane-
ously. The approach used wavelets for the signal analysis and a
min—-max optimization for the estimation. This method was shown
to generate reasonable results using flight data; however, the results
are somewhat limited in that uncertainty is only associated with the
observation matrix of the model.

This paper introduces a new technique for estimating uncertainty
descriptions. The techniqueis also a wavelet-based approach, but it
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actually relies on the theory associated with Volterra kernels. The
concept associated with Volterra kernels is that separate kernels
exist that describe dynamics of increasing order.* The approach
uses wavelets to obtain reduced-order models of these kernels and
allows the coefficients describing the dynamics to be computed as a
least-squares problem.’ The theory of Volterra holds for any order
of nonlinearity, but this paper will limit consideration to a pair of
kernels that describe the linear and quadratic dynamics.

The approachis to identify Volterra kernels to represent the data
and then to use those kernels to identify modeling uncertainty.
Specifically, levels of uncertainty are formulated by comparing
transfer functions of the analytical model and the first-order ker-
nel that represents the linear component of the data. The use of
Volterra modeling is essential to this process because it separates
the linear and nonlinear parts of the data into separate kernels. The
objective is to analyze a linear model and determine linear stability
properties; therefore, the optimal data set for analysis is actually the
linear part of the measured data.

The uncertainty determined by comparing the model to the first-
order kernel should be more accurate than uncertaintiesdetermined
by directly considering the measured data. This does not necessar-
ily mean that the uncertainty will be less; rather, it simply means
the uncertainty will be a better indication of modeling errors. The
nonlinearitiesin the measured data may exaggerate or hide the true
errors in the linear model when comparing transfer functions from
that data and model. The first-order kernel will give a more realistic
indication of the linear dynamics of the aircraft by removing the
effects of these nonlinearities.

System Identification for Volterra Kernels
Volterra Series Representations

The use of Volterra kernels for modeling system dynamics is
considered in this paper. Such representation will be built on as-
sumptions that the system under consideration is causal and time
invariant. The system is assumed to have finite memory so that the
response y(¢) at any time is caused by the excitations u(¢) from a
finite length of time previously. Also, the system will be assumed to
be weakly nonlinear in the sense that the dynamics are dominated
by first-order and second-orderterms in the Volterra series.

The Volterra theory states that a nonlinear system can be ex-
pressed in terms of an infinite sum of integral operators of increas-
ing order. Correspondingly, the response y(¢) of that system can
be expressed as a sum of components y; () that are responses from
each operator:

YO =y (@) +y2(t) + -+ Yoo (2) ey

Here, y; (¢) is the response of the first-order operator, and y,(?) is
the response of the second-order operator. These components can
be formally expressed in terms of the first-order and second-order
kernels, i, and /,, and the input u(¢) that generated the response*°:

yl(t)=/ hy(E)u(t —§)dé 2
0

t n
»2(t) = / / hy (&, Mu(t — &)u(t — n)dé dn (3)
0 0

The kernels defined in Egs. (2) and (3) are functions of & and n
parameters. The domains of these parameters can be quite large
and so it is desired to obtain reduced-order representations of the
kernels. Several approacheshave beendevelopedfor obtainingthese
representationsusing different techniques; however, this paper will
adopt an approach based on wavelets’

The definition of y,(#) clearly indicates that the second-order
Volterra operator is dependent on the kernel /1, over the triangular
domain defined by 0 <& <5 and 0 <7 <t. This kernel is actually
a decaying function because of the assumption of finite memory.
Thus, the kernel is effectively zero after some period of time D and
is supported over the triangular domain €2, as shown in Fig. 1.

A waveletbasis is constructed over the domain of €2 for the repre-
sentation of the triangular form of the second-order Volterrakernel.

n
. . . D
Fig. 1 Triangular domain
over which the second-order
Volterra kernel is defined. Q
5 3
1
D
Fig.2 Subsets ; C Q. {2 !
Q3
Qo
5 3

The waveletcoefficientsin this expansionare then determinedby an-
alyzing flightdata. Of course, the basis could actually be constructed
over the square domain boundedby 0 <& < D and 0 <n < D, cor-
responding to the symmetric form of the second-order kernel, but
the triangular approach is more computationally efficient.

Wavelets Supported on Triangular Domains

The constructionof wavelets on invariant sets has been discussed
in detail in the literature’~° This construction is used to derive a
wavelet-based multiresolution analysis over the domain of 2. The
derivation of this analysis requires four contractive and affine map-
pings, y::R? — R2, to be defined:

) £
— |2
(&, n) 0 1 {n}
|3 o]]¢ D/2
nE.n = (2) %i| {U}+{D/2}
_ L0 & 0
nE.n = (2) %i| {U}+{D/2}

(ST

BEEEE D/2
pem=| " {n}+{D} @

These invertible operators effectively map the domain of 2 into four
subdomains given as 2; := y;(2). These subdomains are shown in
relation to 2 in Fig. 2.

Define xq to be the characteristic function over the domain of 2:

L,  Ene

xa (&, n) = {O, otherwise )

An orthonormal scaling function ¢ is then defined using this char-
acteristic function and the area A, of the domain Q:

$E m = (1/vA) xaE. m) ©6)

Clearly, ¢ is a constant function over . Consider £,(2) as the
space of square-integrable functions in 2. The one-dimensional
space spanned by ¢ can be defined as V, such that V, C £,(2).
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The scaling functions that span a finer-resolution approximation
space V| are defined as normalized characteristic functions over the
subdomains £2;:

d1iEm) = (2//Ag) xes ) ),

Subscript 1 denotes the resolution level of the scaling function,
whereas index i specifies the subdomain €2; over which the function
is supported. Define the operators

i=0,1,2,3 (7)

(Tie) &, m = g[y, ' & ) ]xe, & 0, i=0,1,23 @
where g is any function in £,(£2). These operators simply restrict
functions to the subdomains €2; in the same manner that the map-
pings y; restrict points in €2 to €2;. The scaling functions that span
V) can then be expressed in terms of the operators 7; acting on the
scaling function ¢:

¢1.:(&, ) = 2(Tid) (€, ), i=0,123 )
The space V), defined as
Vi := span{¢10, d1.1, h12, P15} (10)

can then be written in terms of the operators 7; acting on the coarser-
resolution space Vj:

Vi=hLhVo@T\Vo® Vo ® T3V (11

A series of nested spaces, V; .| D V;, of increasing resolution can
be constructed recursively via the relationship

Viei=TV;eT\V; o LV; @ T;V; (12)

A set of multi-index parameters K; is defined for each level of
resolution. A multi-index, ¥ € K}, is basically a group of indices.
Each group has j elements for the set defined on the resolutionlevel
of j such thatk ={ky, k,, ..., k;}. Furthermore, each index in this
group can take on values of 0, 1, 2, or 3. This set can be expressed
mathematically, but it is essential to note that K; is only defined in
associationwith an implied j that represents the level of resolution:

Ky ={lk ko ki € {0,123} i=1....j} (I3)

The set of multi-index parameters grows more complex as the
level of resolution is increased. The increase in complexity re-
sults from the correspondingincrease in the number of indices con-
tained in each multi-index in the set. For example, each multi-index
has a single value for level 1 resolution so that K, is the set of
{0, 1, 2, 3} and has four elements. Similarly, each multi-index is a
group of 2 indices for level 2 resolution so that K, is the set of
{(0,0), (0, 1), ..., (3,3)} and has 16 elements.

The concept of a multi-index simplifies the presentation of the
multiresolutionanalysis. In particular, the operators and vectors as-
sociated with spaces of increasing resolution can be presented in
terms of a K.

Scaling functions are defined for each level of resolution. Log-
ically, the number of these functions increases as the resolution is
increased. Thus, the level 1 resolution has 4 scaling functions and
level 2 resolution has 16 scaling functions. The scaling functions
for any level are computed by applying a sequence of operators to
the scaling function ¢ defined at level O resolution. The sequence of
operators corresponds to a multi-index. Thus, each scaling function
can be written as ¢; .

GicE ) =2/(Ty, -+ Ty d) (5, ) (14)

where k = {ki, k, ..., k;} €K;.
Each space V; is easy to define using the multi-index set,

V; :=span{¢; , : k € K} (15)

The multiresolution analysis can be completed by deriving the
wavelets that span the orthogonal complement spaces W; defined

as the differences between adjacent approximation spaces V; and
V' .
Jj+1-

Wi=V. 8V (16)
Because V; is a one-dimensionalspace and V; is a four-dimensional

space, W, is a three-dimensional subspace of V. The following
orthonormal wavelets form a basis for Wj,:

Y& = (1/V2) o ) — (1/V2) 11 )
vrE ) = (1/V2) o ) — (1/V2) g5 )
VAE M) = 50 )+ 501 )
—L1p12E ) — Lp15E. ) a7

Each waveletis a piecewise-constantfunctionover 2. By inspection,
one can verify that these wavelets are orthogonal to each other and
to the scaling function ¢ that spans Vj,. Define the space

W, = span{y', 7, ¥°} (18)

The wavelet spaces W; are constructed recursively using the oper-
ators 7;:

Wiai =T W, @ T\W; @ LW,; @ LW, (19)
Each space W; is defined as

W, = span{y!, :k €eK;,r=1,23} (20)

JK

where each wavelet ¢ is given by

w;,( (é’ 77) = zj (Tk/ Tk/fl e Tkl w,)(é’ n) (21)

A multiresolution analysis is now formulated for £,(2). Recall
that the space V; can be expressed as the sum of the two coarser-
resolution spaces V; _; and W; _;:

Vi=Vioi®oW;_, (22)

A recursive application of this relationship admits the following
multiscale decomposition:

Vi=VieWooW, @---0W, eW,_, (23)

A single-scalerepresentationof a function f € Q in terms of V; can
be written as

fiEm = audEm (24)

kekK;

where the {«;,} are constant scaling function coefficients. From
Eq. (23), an equivalent multilevel expansion of f is given by

Jj—1

3
fE D =apEm+ Y D D FLULED (25

r=1i=0«ek;

where the {8/, } are constant wavelet coefficients. Fast algorithms
can be derived by which the multiscale coefficients in Eq. (25) are
calculated from the single-scale coefficients in Eq. (24). First, note
that the scaling functions and wavelets satisfy the following two-
scale relationships:

3

$E M =Y apiE ) (26)

i=0

3
WE =Y bl ). r=123 @

i=0
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where the scaling function filters {a;} and the wavelet filters {5 } for
i €{0, 1,2, 3} are defined as

v = 14,4, 4.4)
{by. b1, b3 b} = {1/¥2.~1/72, 0.0}
(02,02, 02,02} = 0,0,1/v2,~1/72)
{o. 0.0, 03} = {4. 4. 4. -4} (28)

The two-scale relationships and the orthogonality properties of the
functions enable the derivation of decomposition formulas of the
form

3
Aj_ 16 = Zaiaj,i\f( (29)

i=0

3
r — r
Bi_i.= § :bia.ﬁi\'ﬂ

i=0

r=1,2,3 (30)

where i |k denotes appendingi to the multi-index« . Similarly, obtain
the reconstruction formula,

3
aj,m\f( = amajfl,k + Zb:nﬂ;f 1,k (31)

r=1

Equations (29) and (30) can be applied recursively to compute the
multilevel coefficients in Eq. (25) from the single-scale coefficients
in Eq. (24). The reverse can be accomplished through a recursive
application of Eq. (31).

Volterra Kernel Identification

The identification of the Volterrakernels is obviously of primary
importance to their use for signal analysis. Identification should ad-
dressboth the accuracy of the resultingmodel and the computational
efficiency of the process. Thus, this topic has received much atten-
tion in the literature using approaches ranging from statistical ar-
guments to genetic algorithms. A least-squares approach is utilized
here that is formulated to be especially efficient for identifying the
Volterra kernels defined in this paper.

The input and output measurements need to be discretized for
the analysis. This step is performed by using a standard zero-order
hold. The discretizationstepis 27/, and N is the number of discrete
input and output values in the data set. The zero-order hold of the
input takes the form

N—1
w0 =Y ;x5 (0) (32)

i=0
where x;; is the characteristic function over the interval
[277i,277(i 4+ 1)]. The first-order Volterra kernel can be approx-

imated in terms of scaling functions on level j using any arbitrary
one-dimensional scaling function ¢ as

N —1
i) =Y o0& (33)
i=0
This kernel i ; can be formulated equivalently as a multiscale rep-
resentation:

Jj—1
&) = i@+ DY Bitp® (34

p=jo i

where jj is the coarsestlevel usedin the approximation.If the scaling
function and wavelet pair ¢ and v are chosen such that the scaling
functions ¢; ; are orthogonalto the characteristicfunctions y; ;, the
following expression is obtained for the output of the first-order
Volterra operator':

yi; = Wle; = [UIT]' B, (35)

In Eq. (35), yi1,; is a vector of discrete output values, [U] is a
matrix of discreteinputs, and «; is a vector composed of the kernel
coefficients from Eq. (33). [7}] is the invertible matrix operator
that decomposes the single-scale coefficients in Eq. (33) into the
multiscale coefficients in Eq. (34). The vector 3, is the vector of
multiscale kernel coefficients.

The second-order kernel can be approximated in terms of the
wavelet basis derived in the preceding section. The kernel is ex-
pressed as a single-scale representation:

&) =Y @i Em) (36)

keK;
and a multilevel expansion of the form

2=l

3
hpEm=adE )+ Y Y Y B En ()

r=1p=0kekK,

Note that the discretizationlevel j, for the kernel is not necessarily
chosen to be the same as that for the input and output. Denote [75]
to be the matrix operator that transforms the vector of single-scale
coefficientsinto the vectorof multiscalecoefficients. When the zero-
order hold approximation of the input and the expression for the
second-order kernel in Eq. (36) are used, the following expression
is obtained for the discrete outputs of the second-order Volterra
operator:

Y2, (27n) = Z (U m 1y p 10550

m,p.k
X (/ P o € ) X (E) X5.p (1) dQ) (33)
Q
forn=1, ..., N. This can be written in matrix form as
y2; = [U[Ple, = [UIIPNT]7' B, (39)

where [U,] is a matrix of products of discrete input values and [ P]
is a matrix of values of the integrals in Eq. (38). The vector o}, is
composed of the single-scale coefficients from Eq. (36), and 3, is
a vector of multiscale coefficients from Eq. (37).

In this paper, the Volterra series representation of the system is
truncatedto include only the first- and second-orderoperators. Then,
the vector of discrete outputs, y; can be written as

Yi =Yty (40)

When Egs. (35) and (39) are combined, the total model takes the
form

y; = [T WP {Z‘} (41)
2

The kernel identification problem is reduced to solving, in a least-
squares sense, for the first- and second-order kernel coefficients in
Eq. (41). The wavelet representationsof the kernels admit reduced-
order representations of the kernels through the truncation of the
multiscale vectors 3, and 3,. In this manner, the goal is to obtain
accurate models for the first- and second-orderkernels in terms of
a relatively small number of wavelet coefficients.

Robust Flutter Analysis
Uncertainty Estimation

Robust flutter analysis considers an analytical model with an as-
sociated uncertainty description. The model is a linear model that
relates the coupled structural dynamics and aerodynamics as rep-
resented by rational function approximations. The uncertainty de-
scription indicates levels of possible errors and variations in the
different parameters of that model.

The standardapproachto estimate uncertaintyis to compare trans-
fer functions of the model and data. The effect of the uncertainty is
that the model could actually produce a range of transfer functions.
The levels of uncertainty are determined by increasing the size of
the parameters until the resulting range of transfer functions for the
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model completely bounds any transfer functions from data. In ef-
fect, this is a model validation condition that determines whether
that model could reproduce the flight data.

The new approach to estimate uncertainty is to compare transfer
functions of the model and the first-order Volterra kernels. The data
are actually respresented by a set of Volterra kernels; however, the
linear dynamics are purely described by the first-order kernel. The
procedure for estimating uncertainty is to compare transfer func-
tions of the model and the first-order kernel. The standard model
validation conditionis then applied such that the uncertainty levels
are chosen to ensure the range of the uncertain model bounds the
transfer function of the first-order Volterra kernel.

The estimation of uncertainty is intended to describe linear er-
rors in a linear model and, consequently, be used for analysis of
linear stability; therefore, the uncertainty estimation should only
consider the first-order Volterrakernel. Any differencesbetween the
linear model and the second-order Volterra kernel are not of interest
for flutter analysis. The second-order kernel is of obvious interest
for limit- cycle analysis, but it is optimal to consider only the first-
order kernel for purposes of flutter analysis.

Predicting the Onset of Flutter

The prediction of flutter for the flutterometer is based on u-
method analysis? This type of analysis computes a stability mea-
sure that is robust with respect to an uncertainty description. Thus,
the flutter speed is computed as the largest increase in airspeed for
which the theoretical model remains robustly stable with respect to
the uncertainty.

The flutterometer operates by computing a robust flutter speed
at every test point during an envelope expansion. The initial step is
to compute an uncertainty description for the model at that flight
condition. The next step is to compute the robust flutter speed by
applying p-method analysis to the uncertain model. In this way, the
flutterometer predicts a realistic flutter speed that is more benefi-
cial than theoretical predictions because the robust speed directly
accounts for flight data.

Note the actual operation of the flutterometer is not altered by
this paper; instead, the data supplied to the flutterometerare altered.
The original approach was to analyze the measured data using the
flutterometer. The new approach s to first identify Volterra kernels
from the data and then analyze the response data from the first-order
kernel using the flutterometer.

Flight-Test Example
Aerostructures Test Wing

The aerostructurestest wing (ATW) was developedat NASA Dry-
den Flight Research Center. This testbed was specifically designed
for testing methods to analyze aeroelasticstability and to predict the
onset of flutter. The ATW was essentially a flexible wing and boom
assembly, as shown in Fig. 3.

The wing was formulated based on a NACA-65A004 airfoil
shape. The wing had a span of 18.0 in. with root chord length of
13.2 in. and tip chord length of 8.7 in. The boom was a 1-in.-diam
hollow tube of length 21.5 in. The total weight of the ATW was
2.661b.

Fig.3 ATW.

This assembly was flown by using an F-15 aircraft and associated
flight-testfixture. The ATW was mounted horizontallyto the fixture
and the resulting system attached to the undercarriage of the F-15
fuselage.!! Previous testing indicated that the airflow is relatively
smooth around the system and so the F-15 fuselage and wings are
assumed to have minimal interference with the ATW.

A measurement and excitation system was incorporated into the
wing. The measurementsystem consistedof 18 strain gauges placed
throughoutthe airfoil structure and 3 accelerometers placed at fore,
aft, and midlocations in the boom. The excitation system was six
patches of piezoelectric material, three patches mounted on the up-
per surface that are out of phase with three patches on the lower sur-
face, that acted as a single distributed actuator. Sinusoidal sweeps
of energy from 5 to 35 Hz were commanded to these patches.

Ground-vibrationtests were conductedto determinethe structural
dynamics of the wing. The main modes of the system were the first-
bending mode at 13.76 Hz and the first-torsion mode at 20.76 Hz.
Tests were conducted for the wing on a test stand and also attached
to the flight-test fixture to ensure that these modal properties are not
affected for the flight testing.

Flight Data

The ATW was flown at several different flight conditions. Mea-
surements were recorded at each of these points. The measurements
used for flutter analysis were the voltage commanded to the piezo-
electric excitation systems and the gravitational acceleration levels
from the accelerometersin the boom. In each case, the commanded
signal was a sine-sweep chirp from 5 to 35 Hz for 60 s.

The flight data were measured at 800 Hz and so indicateenergy at
frequenciesconsiderablygreaterthan the modes of interestfor flutter
predictions. Thus, the input and output measurements were filtered
to a samplingrate of 256 Hz. This filtering was performed using the
Haar wavelet transform. This paper will only consider data from a
singletestpoint. That test pointoccurred at flight conditionsof Mach
0.80 and altitude of 20,000 ft. The accelerometer measurement at
the trailing edge of the boom in response to the chirp excitation is
shown in Fig. 4.

Volterra Kernels

Volterra kernels were computed from the data shown in Fig. 4.
The order of the kernels included in the Volterra model generally
dependson thedegree of nonlinearitythatis to be identified from the
data. Certain nonlinear systems have been shown to require kernels
of third order and higher'?; however, the ATW was essentially a
linear system. Thus, only first-order and second-orderkernels were
identified to reflect properties associated with linear and quadratic
dynamics.

The number of points in each kernel representation affects the
time-domain and frequency-domainresolution of the kernel. Each
kernel was chosen to have a resolution of 256 points/s to match the
sampling rate of the data.

Anotherparameter thatneeded to be chosen was the time duration
of the kernels. This time duration represents the memory length of

Alcceleration ®

1
[

40 50 60

0 10 20

30
Time (s)
Fig. 4 Response of the trailing-edge boom accelerometer to a chirp
excitation.
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Fig.5 Identified first-order Volterra kernel.
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Fig. 6 Identified second-order Volterra kernel.

the system. Alternatively, the time duration can be interpreted as
the length of time into the future that a current input will still have
an influence on the output. Most physical systems effectively have
finite memory so the time durationof the kernel should also be finite.
The effect of finite memory is that the Volterra kernels should decay
to zero in a finite period of time.

Volterra kernels were identified from the flight data using time
durations of 1, 2, and 4 s. The results consistently indicated that
the first-order kernel almost completely decays after 1 s. Thus, the
data analysisproceededusing only kernels with this length. Figure 5
shows the first-order kernel that was identified from the data. This
kernel is represented in terms of 256 wavelet coefficients and has a
time duration of 1 s. The triangular form of the identified second-
order kernel is shown in Fig. 6. This kernel also has a time duration
of 1 s and was identified using 256 nonzero terms.

An obvious feature in Figs. 5 and 6 is that the first-order kernel is
an order of magnitude larger than the second-orderkernel. This dif-
ferencein size indicates the flight data was essentially generated by
alinearsystem. Theseresults agree with previousanalysisthat noted
the ATW responded linearly to a range of inputs.'® Thus, the first-
order kernel dominates the identified dynamics and demonstrates
the ATW was primarily a linear system.

Anotherfeature of Fig. 5 is thatthe first-orderkernel resembles an
impulse response. The first-order kernel is theoretically predicted to
be an impulse response when analyzing data from a linear system.
Therefore, this feature also demonstrates the ATW was primarily a
linear system.

The linear componentof the flight data can be estimated by simu-
lating the response of the first-order Volterrakernel. Such aresponse
is generated by applying the chirp signal commanded to the ATW
during flight. The resulting response is shown in Fig. 7.

The response of the first-order kernel is different from the mea-
sured flight data shown in Fig. 4; however, the response and data do
have some similarities. Notably, the response and the measurements
indicatesimilarfrequency-responsecharacteristics.Both Figs. 4 and
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Fig. 7 Simulated response to chirp input from first-order Volterra
kernel.
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Fig. 8 Simulated response to chirp input from second order.

7 show increased magnitude near 25 s, at which time the excitation
signal is about 18 Hz. Similarly, both show increased magnitude
near 37 s at which time the excitation signal is about 24 Hz. This
indicates the systems that generated the simulated response and
measured data both have modes near 18 and 24 Hz.

The simulated response and measured data are notably different
at times when the excitation is not exciting the aeroelastic modes.
This is particularly evident at the beginning of the excitation. The
measured data contains a large amount of noise but only a small
amount is reproduced by the simulated response. The identification
procedure noted this noise did not correspond to the response of
a linear system and so the first-order kernel does not significantly
represent this component of the data.

The response of the second-order kernel can also be computed.
This response, as shown in Fig. 8, indicates the nonlinear compo-
nent of the flight data. The magnitude of this data is quite small
and corresponds to the small magnitude of the kernel shown in
Fig. 6. This response is actually assumed to represent nonlinear
characteristics of the noise rather than nonlinear characteristics of
the ATW. For instance, note the magnitude is largest near the be-
ginning of the response that corresponds to excitation far from the
modal frequencies.

Finally, a frequency-domain representation of the first-order
Volterrakernel is shown in Fig. 9. This representationclearly shows
that the identified dynamics are dominated by modes near 18 and
24 Hz.

Uncertain Model

An analytical model of the ATW was developed that combined a
finite element model with data from the ground-vibrationtesting. A
finite element model was initially used to generate a set of mass val-
ues at locations throughout the structure. Correspondingly, the test
data indicated the frequencies and responses at these locations for
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Fig.9 Fast Fourier transform of first-order Volterra kernel.

modes of the structure. An equivalent model was then formulated
with natural frequencies and mode shapes that were determined by
the data, mass values that were purely analytical, and stiffness val-
ues that resulted from relating the analytical mass and experimental
natural frequencies. Thus, this equivalent model was representative
of both analytical and experimental results. This model was formu-
lated using the ZAERO package.'

A state-space model of the ATW is generated by the equivalent
model formulatedusingZAERO. This model includes the structural
dynamics and the associated aerodynamic forces caused by aeroe-
lastic coupling. The structural dynamics are realized as standard
mass, stiffness, and damping matrices. The aerodynamic forces are
realized as a rational function approximation.!® The input to this
model is the voltage to the excitation system, and the output from
this model is the acceleration at the trailing edge of the boom.

The introduction of uncertainties actually made use of both the
structural and aerodynamic representations. Parametric uncertainty
was introducedto admit variationsdirectlyin the stiffness and damp-
ing matrices of the structural dynamics. Dynamic uncertainty was
introduced to admit variations in magnitude and phase of the aero-
dynamic forces. Also, dynamic uncertainty was associated with the
excitation and sensing signals to account for the effects of unmod-
eled dynamics and mode shape errors.

Uncertainty Estimation

The magnitudes of uncertainties in the model need to be deter-
mined to relate size of errors. These errors are computed by ap-
plying the model validation procedure that compares transfer func-
tions from a model and data. The data that are considered are the
accelerometer data measured during flight and the simulated data
produced by the Volterra representationof the data.

The aeroelasticinstability to be predicted for the ATW is assumed
to be a flutter mechanism caused by linear dynamics. Thus, the
uncertainty estimation only considersthe first-order Volterrakernel.
This kernel will indicate the error in the linear model for describing
the linear dynamics of the ATW.

The transfer function describing the first-order Volterra kernel
needs to be determined. This transfer function is actually shown
as the frequency-domain kernel shown in Fig. 9. That kernel is
an exact representation of the transfer function; however, it is not
suitable for uncertainty estimation. The kernel was formulated using
only 256 points and so the resolution in the frequency domain is
somewhat coarse.

The first-order Volterra kernel is used to simulate response in
Fig. 7, which shows the linear component of the flight data. A trans-
fer functionis then determined from these high-rate simulated data.
The resulting transfer function is shown in Fig. 10 along with the
transfer functions from the model and the measured flight data.

The transfer functions in Fig. 10 immediately demonstrate in-
formation about the quality of the model. The initial analysis of
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Fig. 10 Transfer functions: - - - -, nominal model; - - -, flight data;
, response of first-order Volterra kernel; and O, exact first-order
Volterra kernel.

(53
o o
— o N
i [ U

Response Magnitud
=}

0.05f

20 25 30
Frequency (Hz)

Fig.11 Transfer functions: - - -, flight data; - - - -, nominal model; and
, upper and lower bounds of uncertain model.

the flight data noted much less response of the bending mode near
18 Hz than was predicted by the model. The analysis using the
Volterrakernel actually indicates the differences between the model
and data for this mode are not as great as initially indicated. A visual
inspection shows the model predicts a response magnitude of about
0.23 g/V, whereas the original data indicates a magnitude of about
0.08 g/V and the first-order Volterra kernel indicates a magnitude
of about 0.13 g/V.

Also, the values of the coarse-resolutionexact representation of
the kernel are shown in comparison with the transfer function com-
puted from the simulated data. Clearly the approachusing simulated
data results in a transfer function that matches the exact represen-
tation at the coarse-resolution frequencies but also provides more
resolution at other frequencies.

The actual estimation of the uncertaintyassociatedwith the model
uses the mathematical procedure for model validation. This proce-
dure increases the amount of uncertainty associated with the model
until that model does notinvalidate the data. Essentially, the concept
is to increase the uncertainty until the flight data lie within upper
and lower bounds resulting from analysis of the uncertain model.
The uncertaintyassociated with the model is estimated using the ac-
celerometer data measured during flight. The resulting uncertainty
levels produce upper and lower bounds on the range of transfer
functions from the model as shown in Fig. 11.

One feature of note in Fig. 11 is that the flight data lie outside
the upper and lower bounds of the model near 18 Hz. This feature
would seem to indicate that the data are invalidated by the model so
that more uncertainty is needed. Actually, this feature is a result of
the resolution of the frequency-domaindata. There is no data point
right at this frequency and so the appearance of invalidation is an
artifact of connecting discrete points with a continuous line.

Anuncertaintydescriptionassociated with the modelis also com-
puted by analyzing the data simulated from the first-order Volterra
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Table1 Magnitudes of uncertainty affecting the model

Uncertainty Original data First-order kernel

Structural stiffness 28 18

Structural damping 51 30

Aerodynamic forces 1 1

Command input 11 8

Measured output 11 8
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Fig. 12 Transfer functions: - - -, first-order Volterra kernel; - - - -,
nominal model; and , upper and lower bounds of uncertain model.

kernel. This description includes uncertainty levels that produced
upper and lower bounds on the range of transfer functions from the
model as shown in Fig. 12. The upper and lower bounds presented
in Figs. 11 and 12 demonstrate the advantage of using the Volterra
representation of the data. Namely, the uncertainty description as-
sociated with linear errors in the model is more accurate when using
the first-order Volterra kernel for model validation as compared to
using the measured data. Thus, the linear model more closely re-
sembles the response of the linear kernel as compared to the noisy
flight data.

The actual percentagesresulting from model validation with each
type of transfer function are shown in Table 1 for the uncertainties
affecting different parameters of the model. Note that the uncertain-
ties are associated with the parameter in a multiplicative fashion
so that, for example, the stiffness in the model needs to vary by
+/— 28% when comparing with the original data but only needs
to vary by 4+/— 18% when comparing with the response of the
first-order kernel. Clearly the model needs less uncertainty to en-
sure the transfer function from the first-order Volterra kernel is not
invalidated as compared to the transfer function from the measured
data. This reduction in uncertainty directly results from the visual
features noted in Figs. 11 and 12.

Flutter Prediction

Flutter speeds are computed for the model to predict the flight
conditions associated with the onset of the instability. These values
correspondto the airspeed associated with flightat Mach 0.80 for the
ATW. The flutter speeds may be easily converted to flutter altitudes
using match-pointrelationships,but it is sufficient to discuss speeds
for the purpose of this paper.

Several values of flutter speeds are computed. A speed is com-
puted by analysis of the nominal model with no consideration of
uncertainty. A speed is computed by analysis of the model that
indicates a prediction of flutter that is robust with respect to the un-
certainty set that is estimated from the flight data. Similarly, a speed
is computed by analysis of the model that indicates a prediction of
flutter that is robust with respect to the uncertainty set that is esti-
mated from the response of the first-order Volterra kernel. Also, the
actual flutter speed of the ATW is computedas the speed at which the
test article experienced flutter during flight testing.'® These speeds
are presented in Table 2. The main feature of Table 2 is that the
flutter speed is closer to the true value and, therefore, less conserva-
tive, when computed with respect to uncertainty determined by the

Table 2 Flutter speeds for Mach 0.80

Flutter speed, knots

Method of determination of equivalent airspeed

Nominal model 431
Uncertainty from flight data 403
Uncertainty from Volterra kernel 413
Flight test 460

Volterra kernel as opposed to the flight data. This feature directly
results from the decreased size of the uncertainty description re-
sulting from analyzing the data simulated by the Volterra kernel. In
effect, the reduced uncertainty description has limited the possible
mechanisms that can cause flutter and so the worst-case speed is
closer to the nominal speed.

Note that the reduction in conservatismis not guaranteed to al-
waysresultfrom utilizingthe first-order Volterrakernel. The transfer
functionsrepresentingthe ATW show the magnitude of the response
of the bending mode is greater for the Volterra kernel than for the
data. In this case, the high-order components of the noise caused un-
derestimationof the size of the bending mode response. The transfer
function of the data is affected by these high-order components, but
the transfer function of the first-order Volterra kernel only indicates
linear components of the measurements.

Also, the true speed at which the ATW experienced flutter is no-
ticeablyhigherthaneitherof the robustpredictions. The flutter speed
of the nominal model is less than the true speed and so any robust
speed must also be less than the true speed. The main issue is that
the robust speeds based on Volterra responses are less conservative
than those directly based on measured data.

Conclusions

This paper has introduced a method to determine uncertainty de-
scriptionsfor use with robust flutteranalysis. The use of Volterraker-
nels to represent flight data is an integral component of the method.
The uncertainty is meant to describe errors in a linear model; there-
fore, the estimation of those errors should be based on differences
between a linear model and linear data. This linear component of
the flight data is computed by the first-order Volterra kernel. The
uncertainty description is estimated using only this first-order ker-
nel and so is not affected by nonlinearities. The removal of non-
linearities ensures the uncertainty only represents variations in the
model that could affect the linear stability, or flutter, margins. This
method is applied to flight data from the ATW. The method is able
to generate more accurate descriptions of uncertainty in an ana-
lytical model and, thus, reduce conservatism in the robust flutter
analysis. This paper indicates the benefits of using Volterra the-
ory for flutter analysis and indicates similar benefit may be ob-
tained by considering higher-order Volterra kernels for limit-cycle
analysis.
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